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Abstract
We present a novel discretization scheme for the electric

current volume integral equation formulation of
electromagnetic scattering. The method can be used for
analyzing electromagnetic scattering by arbitrarily shaped
three-dimensional objects.  The scheme utilizes the method
of moments with fully linear basis and testing functions.
The solution accuracy of the proposed discretization
scheme is compared to the standard scheme with the
piecewise constant approximations as well as to the
commonly used discrete-dipole approximation code.  The
preliminary results show that the method provides
superior solution accuracy with respect to the number of
unknowns.

1 Introduction
A full-wave numerical solution for the electromagnetic

wave scattering by arbitrarily shaped inhomogeneous or
anisotropic particles  can be found through various
numerical methods, such as the finite-element (FEM),
finite-difference time-domain (FDTD), and the integral-
equation methods (IEM). IEMs are the most attractive
methods for open region scattering problems due to their
inherent capability of modelling unbounded domains. In
the IEMs, only the scatterers are modelled, and the integral
equation automatically satisfies the radiation condition.
Thus, the IEMs avoid modeling free space around the
particle as opposed to the differential equation based
methods in which the whole region of interest needs to be
modelled and terminated by some boundary condition. In
addition, the Green’s function in the IEMs is an exact
propagator, and therefore, the solution does not suffer
from numerical dispersion.

For inhomogeneous or anisotropic materials, different
types of volume integral equation (VIE) methods have
been applied in the past [1-3]. Some VIEs are called as the
discrete-dipole approximation DDA [4,5]. However, all of
them are essentially based on the same integral equations,
but the difference is how the numerical approximation
scheme is constructed. The projection method is a
commonly used technique to solve VIEs. The basic idea is
to expand the unknown function/functions, e.g.
electric/magnetic current, field or flux with a set of basis
functions, and then force the approximation error to be

orthogonal to some space. This can be considered as the
best projection from the continuous space to the discrete
one in some sense, and it requires defining a proper inner
product as well as a set of testing functions.  Hence, it is
obvious that the choice of the formulation, the inner
product, and the basis and testing functions must be made
carefully, and it has a major effect on the accuracy of the
numerical solution.

The discretization procedure leads to a system of linear
equations, which can be solved numerically.
Unfortunately, the resulting system matrix is full which
means that the memory requirement increases
quadratically and the solution time cubically with respect
to the problem size. However, the development of the fast
algorithms such as the multilevel fast multipole algorithm
MLFMA [6,7], and the FFT-based algorithms [8,9] has
made it possible to solve large problems with a reasonable
amount of computational capacity. The fast methods
employ iterative solvers in which the matrix-vector
multiplication is accelerated by the abovementioned
algorithms, giving O(N)-O(N log N) complexity for the
memory and O(N log N) for the computing time.

In this abstract, we investigate the accuracy of the novel
discretization of the electric current volume integral
equation (JVIE) utilizing tetrahedral elements and
piecewise linear approximations as basis and testing
functions. The accuracy and the stability of the method is
studied and compared with the previous discretization
employing piecewise constant functions [10] as well as the
commonly used DDA code [11].

2 Discretization of JVIE
Consider time-harmonic ( ) electromagnetic

scattering by a dielectric object bounded by a volume
located in free space. The object is described by the electric
permittivity dyad . The electric current volume integral
equation (JVIE) formulation is written as

(1)

where the unknown is the equivalent electric polarization
current

, (2)
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in which is the total electric field. The volume potential
operator is defined as follows:

, (3)
where G is the free space Green’s function, i.e., the
fundamental solution  for the Helmholtz equation. It is
known that the above integral equation is solvable in
(the vector space of square integrable functions) if the
permittivity function satisfies some additional conditions
[12]. This means that we can use -conforming basis and
testing functions as well as an -inner product to obtain a
convergent numerical method.
The discretization scheme follows the same fundamental

principles presented in [10], although some modifications
are required due to the higher-order basis and testing
functions. First, the scatterer is discretized with linear
tetrahedral elements, and then the unknown current is
expanded by piecewise linear -conforming basis
functions associated to the tetrahedral elements as follows:

(4)

where , , and are the unit vectors are the
standard linear nodal shape functions and are the
unknown coefficients.  Therefore, each tetrahedron
contains 12 basis functions (four functions for each
component). The Galerkin testing (basis and testing
functions are the same functions)  procedure is applied
with respect to the -inner product, and the derivatives
are moved into the basis and testing functions. The details
are omitted due to the lack of space, but all the arising
integrals are weakly singular, and can be computed with
the singularity extraction technique [13].

3 Preliminary results
In this section, we study the accuracy of the linear JVIE

solver. The results are computed by using the JVIE solver
with either piecewise linear or constant basis functions and
compared with the results computed by ADDA
(Amsterdam discrete-dipole approximation) code [11].
Our first example is a dielectric sphere of size with

the relative permittivity . Figure 1 shows the
scattering efficiencies as functions of degrees of freedom
(DoF) as well as the exact Mie solution.  Clearly, the JVIE
with the linear basis functions gives the fastest
convergence, and the DDA the slowest. Similar
conclusions can be made for different spheres, too. As
another example, Figure 2 presents the relative RMS error
in far field scattering integrated over the surface of a unit
sphere.

It is important to note that these comparisons are not so
straightforward since the DDA uses cubic elements and
they introduce larger geometric errors than the tetrahedral
elements used in JVIE. Also, the convergence of the
solution should be investigated in case of more
complicated objects. Moreover, the computational time
and memory requirements per DoF are quite different in
each method. In general, the DDA is the fastest and least
memory consuming per DoF. However, asymptotically the
scaling for each method is the same, O(N) for the memory
and O(N log N) for the computing time when the FFT type
acceleration technique is used.

Figure 1 Scattering efficiency vs. degrees of freedom (DoF). The
scatterer is a sphere of size with .

Figure Relative error in the far field scattering as a function of
DoFs. The scatterer is a sphere of size with .

4 Conclusions
The volume integral equation for the electric current has

been discretized in by using tetrahedral elements and
piecewise linear approximations. The method can be
applied to analyze electromagnetic wave scattering by
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arbitrarily inhomogeneous three-dimensional objects.   The
preliminary results show improvements in the solution
accuracy compared to the previous discretization of the
JVIE utilizing piecewise constant functions, as well as
compared to the commonly used DDA solver.
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